The fractional Fourier transform (FrFT) can be thought of as a generalization of the Fourier transform to rotate a signal representation by an arbitrary angle in the time-frequency plane. A lower bound on the uncertainty product of signal representations in two FrFT domains for real signals is obtained, and it is shown that a Gaussian signal achieves the lower bound. The effect of shifting and scaling the signal on the uncertainty relation is discussed. An example is given in which the uncertainty relation for a real signal is obtained, and it is shown that this relation matches with that given by the uncertainty relation derived.
I. INTRODUCTION
T HE uncertainty principle in the time-frequency plane plays an important role in signal processing. This principle states that for a given unit energy signal with Fourier transform , the product of spreads of the signal in time domain and frequency domain is bounded by a lower bound (1) where (2) (3)
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representation can be thought of as getting rotated by an angle in the time-frequency plane. It is natural to ask the following: What kind of uncertainty relation will the time and FrFT spreads obey?
It has already been shown [1] , [2] that if is the FrFT of , then a lower bound on the product of time and FrFT spreads is given by . This lower bound can also be obtained by using the relationship between Fourier transform and FrFT given in [3] and uncertainty relation in the time-frequency domain. Uncertainty relations in the FrFT domain are also discussed in [4] and [5] . In [4] , it is shown that the product of time spread and frequency spread of a signal are not invariant under FrFT. Many other measures that are invariant under FrFT are obtained in this paper. However, this paper does not talk about the product of the spreads of a signal in time and FrFT domains.
In this paper, we achieve a lower bound on the product of the spreads in time and FrFT domain for real . This lower bound is a tighter lower bound than that given in [1] on the uncertainty product of signal representations in two FrFT domains. This lower bound can be achieved by a Gaussian signal.
II. FRACTIONAL FOURIER TRANSFORM
The FrFT operator , which rotates the signal representation by an angle in the time-frequency plane, is defined as [6] (4) where we have (5) , shown at the bottom of the page.
The inverse FrFT is given by (6) Note that FrFT reduces to the ordinary Fourier transform for . The following properties of , given in [6] and [7] , will be useful later. 
Using the facts that is real, , and since , we get that the right-hand side of (23) is equal to zero. Since the left-hand side is equal to , we have , and the lemma is proved. where is an arbitrary real constant.
Proof: Without loss of generality, we take . If is not equal to zero, we can shift the signal appropriately to make it zero. It will be shown in the next section that shifting the signal does not affect the uncertainty relation. where is a constant of integration. In order to make real valued, can be chosen as (35) where is an arbitrary constant. The value of can be found out by noting that must be unit norm. Thus, , which satisfies the Cauchy-Schwartz inequality (27), turns out to be a Gaussian function. It is well known that the Gaussian function also turns uncertainty inequality (32) to an equality. Thus, the Gaussian function given by (25) indeed turns inequality (24) into an equality, and the theorem is proved.
IV. EFFECT OF SHIFT AND SCALING
It is known that in the case of the conventional Fourier Transform, the product of time and frequency spreads does not change with a shift or a scaling of the signal, and the lower limit on this product given by the uncertainty principle remains the same with shift or scaling. In this section we study the effect of shifting and scaling the signal on the uncertainty relation in time-FrFT domain.
Given a signal , it is known [6] that FrFT of the shifted signal is
Thus, spread of the signal changes in neither the time nor the FrFT domain; therefore, shifting the signal has no effect on the uncertainty relation. Coming to scaling, let . We represent time uncertainty of by and the uncertainty in the FrFT domain at an angle by , and we use similar notations for . It is known that [6] (37) where (38) and some phase factor that is not of much importance here. Similarly, we can write If the lower limit on , which is given by the right-hand side of inequality (24), is denoted by , and the lower limit on is denoted by , then it can be shown that (45) Thus, scaling changes the product of spreads of the signal, and it changes the lower limits on these products by a proportional amount. It follows from (44) and (45) that if an uncertainty relation for a signal is given, that is (46) and then multiplying both the sides of it by , we can get an uncertainty relation for , which is the scaled version of the signal. It can be seen that the uncertainty relation derived here is not robust to scaling since the lower limit depends on spread of the signal in the time domain. The major drawback of this is that given the signal spread in one domain, the lower limit on the spread in the other domain cannot be found out without the knowledge of . One way to get around this problem is to replace the term containing the spread of the signal in the lower limit by its lowest value over all . Since , it can be shown that (47) and the uncertainty relation can be written as (48)
Remark: If in (48), then it can be seen that , proving that if the signal is real, its spread in the FrFT domain has a lower limit, irrespective of its spread in the time domain.
Note that (48) does not give any advantage for , but it can be seen that for , the uncertainty relation (24) reduces to (49) This relation is only between two spreads, and even though it does not give the lower bound on the product of the spreads independent of , since the uncertainty relation has reduced to a relation between only two spreads, given one spread, the lower limit on the other spread can be calculated without the knowledge of the spread in any third domain.
V. EXAMPLE

Let
. Since this function is of the form , where is the Hermite polynomial of degree 1 and is chosen to make unit norm, it is known [7] that is an eigenfunction of the FrFT operator, that is (50) It can be easily calculated that . It can also be seen that for all . Then
Thus, is indeed greater than the limit defined on it by the uncertainty theorem.
Consider now . It can be shown that
where . It can be seen that for as asserted by the remark given in the previous section.
VI. CONCLUSION
In this paper, we achieved a tighter lower bound than that is given in [1] on the product of uncertainties in two FrFT domains for real signals. It is also shown that this lower bound is achieved by a real-valued Gaussian signal. It is also shown that shifting does not affect the uncertainty relation, and an uncertainty relation for a scaled version of a signal can be derived by multiplying an uncertainty relation for the signal by an appropriate factor.
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